Abstract. Using the combinatorial descriptions of stuffle product, we obtain recursive formulas for the stuffle product of multiple zeta values and of multiple zeta-star values. Then we apply the formulas to prove several stuffle product formulas with one or two strings of zp's. We also describe how to use our formulas in general cases.
Introduction and statement of main results
For integers k 1 2 and k 2 , . . . , k n 1, the multiple zeta value and the multiple zeta-star value are defined by ζ(k 1 , k 2 , . . . , k n ) = noncommutative letters, and let Y * be the set of all words generated by letters in Y , which contains the empty word 1. Let h 1 = Q Y be the noncommutative polynomial algebra over the rational number field Q generated by the alphabet Y , which is spanned by Y * as a rational vector space. And let h 0 be the subalgebra of h 1 defined by form z i p * z j p . We find that one can treat general products with more strings of z p 's such as
In fact, the general products can be expressed by simple products of the forms z 
Here by convention, we let z ki · · · z ki−1 = 1 and z ki · · · z ki−2 = 0 for any integer i. 
(1.10)
Here we set z −1 p = 0. Similarly, one can use the recursive formula (1.5) to the general product (1.1) and formula (1.6) to the general product (1.2). We find that all these type products can be expressed by simple products of the forms z i p * z j p for the * product, and by simple products of the forms z i p * z j p for the * product. However the complexity of the formula increases quickly when m + n is larger. Hence we do not write the explicit formulas here.
After getting the formula of the product (1.1), one can apply the map Z to get a formula of the stuffle product
where k 1 , l 1 2 and {p} m stands for a string of m p's. Similarly, from the formula of the product (1.2), one can obtain a corresponding formula of the stuffle product of
Also, if we combine the stuffle product formulas obtained here together with shuffle product formulas obtained in [2] or [5] , we can get some double shuffle relations of multiple zeta values for some special types. Here we leave the explicit formulas to the reader.
Section 2 contains proofs of Theorem 1.1, Theorem 1.2, Corollary 1.3 and Corollary 1.4. In Section 3, we describe how to apply our recursive formulas to express the products (1.1) and (1.2) by simple products, and take the cases r = s = 2 as an example.
Proofs
In this section, we give proofs of the results mentioned in Section 1.
2.1. Proof of Theorem 1.1. For the simple product z m p * z n p , Chen used induction on m + n to prove formula (1.3) in [1] . Here we give another proof, which seems simple and intuitive. We use the combinatorial description of stuffle product * . By the definition of stuffle product * , we have
By the combinatorial description, we can write
In this case, for any w ∈ G m+n−2i i
, the possibility to get w is also m+n−2i m−i
. While every letter z 2p in w will bring a negative sign. Hence for any w ∈ G m+n−2i i , we have
Then we get (1.4). For more details, see [5] , which uses the same idea to deal with shuffle products.
2.2.
Proof of Theorem 1.2. We only prove the recursive formula (1.5). The recursive formula (1.6) can be proven in a similar way. To get the result, one can use induction on m + n, while here we use the combinatorial description of the stuffle product.
The left-hand side of (1.5) is a sum over surjections
which are strictly increasing on {1, . . . , m} and on {m + 1, . . . , m + n} separately, and p is an integer with the condition 0 p min{m, n}. Now for a fixed j ∈ {1, 2, . . . , m}, there are two different types of such σ's, one satisfies the condition σ(i) < σ(j) < σ(i+1) for some i ∈ {m, m+1, . . . , m+n}, and the other one satisfies the condition σ(j) = σ(i) for some i ∈ {m + 1, m + 2, . . . , m + n}. Summing over the first type of σ's we get the term n i=0 (z k1 z k2 · · · z kj−1 * z l1 z l2 · · · z li )z kj (z kj+1 · · · z km * z li+1 · · · z ln ).
And summing over the second type of σ's we obtain the term n i=1 (z k1 z k2 · · · z kj−1 * z l1 z l2 · · · z li−1 )z kj +li (z kj+1 · · · z km * z li+1 · · · z ln ).
Then we get the recursive formula (1.5).
2.3. Proof of Corollary 1.3. Here we prove formula (1.7), and one can prove formula (1.8) in a similar way. We remark that the strategy of our proof is slightly different from that of [1, Theorem 3] . We apply the recursive formula (1. 
